The creep crack problems in damaged materials under mixed mode loading (Mode I and Mode II loading) in the framework of creep-damage coupled formulation are considered. The class of the self-similar solutions to the plane creep crack problems in a damaged medium under mixed-mode loading is given. With the similarity variable and the self-similar representation of the solution for a power-law creeping material and the Kachanov-Rabotnov power-law damage evolution equation the near crack-tip stresses, creep strain rates and continuity distributions for plane stress and plane strain conditions are obtained. The similarity solutions are based on the hypothesis of the existence of the completely damaged zone near the crack tip. It is shown that the asymptotic analysis of the near crack-tip fields gives rise to the nonlinear eigenvalue problems. The technique permitting to find all the eigenvalues numerically is proposed and numerical solutions of the nonlinear eigenvalue problems arising from the mixed-mode crack problems in a power-law medium under plane stress conditions are obtained. Using the approach developed the eigenvalues different from the eigenvalues corresponding to the Hutchinson-Rice-Rosengren (HRR) problem are found. The angular distributions of the stress and the continuity fields are selected as the crack tip fields of interest. Having obtained the eigenspectra and eigensolutions the geometry of the completely damaged zone in the vicinity of the crack tip is found for all values of the mixity parameter.
Introduction
Important advances in creep damage models for crack growth analysis have been made in the last two decades as scientists and engineers strive to imbue continuum-based models with more realistic details at microstructure damage mechanisms in the creep process [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Such damage models can be also found in [17] [18] [19] [20] . Knowledge of stress, strain and displacement fields in the vicinity of the crack tip under mixed-mode loading conditions is important for the justification of fracture mechanics criteria and has attracted considerable attention nowadays [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Asymptotic analysis of the mechanical fields in front of stationary and propagating cracks facilitate the understanding of the mechanical and physical state in front of crack tips and they enable prediction of crack growth and failure. Furthermore, together with the stress, strain and displacement fields in the vicinity of the crack tip the damage distribution around the crack tip is a question of special attention [4, 6, 9, 19, 20] . Damage field around a crack tip essentially affects the surrounding stress field, and hence governs the crack extension behavior in the material. This effect of the damage field is an important problem either in the discussion of stability and convergence in crack extension analysis. So far mainly crack problems for the pure opening mode I at symmetrical loading have been thoroughly treated [6] , [14] . The corresponding fracture criteria have been obtained on the assumption that the crack continues to extend along its original line (two-dimensional case) or plane (three-dimensional case) in a straightforward manner on the ligament. Nowadays the analysis of mixed-mode loading of cracked structures in nonlinear materials is of particular interest. In engineering practice, there are plenty of examples and reasons leading to mixed-mode loading of cracked structures when mode I is superimposed by mode II and/or III, the symmetry (or antisymmetry) is violated and the situation is related to mixed-mode loading [7] . The type of loading on a structure (tension, shear, bending, torsion) can also change during service. For a crack this results in an alteration of opening mode I, II and III which is why the study of mixed-mode loads is of particular importance [7] [8] [9] 14, 24] . In linear fracture mechanics the principle of superposition allows to obtain solutions for mixed mode I/II crack problems whereas in nonlinear fracture mechanics many questions are still open [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . Analysis of the near crack-tip fields in power-law hardening (or power-law creeping) damaged materials under mixed-mode loading results in new nonlinear eigenvalue problems in which the whole spectrum of the eigenvalues and orders of stress singularity have to be determined [20] [21] [22] [23] . For instance, in [21] asymptotic stress, strain, and displacement distributions in the vicinity of the mixed-mode crack for the stress-state sensitive elastic materials are considered and a nontrivial solution with the eigenvalue s = 1 in the displacement series is found explicitly. Investigation of the asymptotic behaviour of the stress, strain, and displacements in the vicinity of a mixed-mode crack in the stress-state sensitive materials leads to conclusion that the traditional approaches, such as the superposition of the solutions as well as the assumptions for the symmetrical or antisymmetrical stress distributions can not be used. Therefore, in order to obtain the crack tip fields it is necessary to solve a new eigenvalue problem which in general case can be nonlinear. Nevertheless, in this work, a nontrivial solution with s = 1 in the displacement series is found explicitly that demonstrates such specific features as the volume change under the condition of the remote shear loading and so on. It is shown [21] that the stronger the material stress-state-sensitivity is the stronger the resulting stress, strain and displacement fields deviate from the linear elastic ones. In [22] the stress field in the closest vicinity of a sharp material inclusion tip is characterized by 1 or 2 singular exponents. The exponents are calculated as an eigenvalue problem. The stress description by only one or two terms is not sufficient and leads to misleading results.
The objective of this study is to analyze the crack-tip fields in a damaged material under mixed-mode loading conditions and to consider the meso-mechanical effect of damage on the stress-strain state near the crack tip. The method proposed has been applied to nonlinear eigenvalue problems arising from the problem of the determining the near crack-tip fields in the damaged materials. In continuum damage mechanics [2, 6, 7, 10, 12, 13, 16] , the damage state at an arbitrary point in the material is represented by a properly defined integrity (continuity) variable ( , ) r   . The integrity parameter reaches its critical value at fracture. According to this notion, a crack in a fracture process can be modeled with the concept of a completely damaged zone in the vicinity of the crack tip. Namely a crack can be represented by a region where the integrity state has attained to its critical state cr    , i.e., by the completely damaged zone (CDZ) [6] . Then the development of the crack and its preceding damage can be elucidated by analyzing the local states of stress, strain and damage. The CDZ may be interpreted as the zone of critical decrease in the effective area due to damage development. Inside the completely damaged zone the damage involved reaches its critical value (for instance, the damage parameter reaches unity) and a complete fracture failure occurs. In view of material damage stresses are relaxed to vanishing [6, 9, 24, 25] . Therefore, one can assume that the stress components in the CDZ equal zero. Outside the zone damage alters the stress distribution substantially compared to the corresponding non-damaging material. Well outside the CDZ the continuity parameter is equal to 1. Asymptotic remote boundary conditions are the asymptotic approaching the HRR solution. Dimensional analysis of the system formulated shows that the damage mechanics equations must have similarity solutions [9, 24] . The present paper extends works [19, 20, 23, 24, 26] and constructs the asymptotic stress and continuity fields for stationary mixed-mode crack in damaged media under creep conditions.
Mixed mode crack problem: mathematical statement of the problem and fundamental equations
Static mixed mode crack problems under plane stress and plane strain conditions under creep regime are considered. The equilibrium equations and compatibility condition in the polar coordinate system can, respectively, be written as , ,
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The constitutive equations are described by the power law stress-strain rate relations incorporating the damage state parameter 1     and the creep strain rate is defined as follows
where
are the deviatoric stress tensor components; , B n are material constants which control secondary creep behavior and can be determined from a log-log plot of the creep strain rate vs the applied stress;  is an integrity 
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The von-Mises equivalent stress is expressed by [6, 12, 13, 26] . L.M. Kachanov [27] described the damage development by means of an evolution equation
where A and m are material constants which control tertiary creep behavior, 
The mixed-mode loading can be characterized in terms of the mixity parameter p M [5, 7, 24] which is defined as
The mixity parameter 
Asymptotic solution
One can assume that the completely damaged zone in the vicinity of the crack tip evolves during the deformation of the cracked body. The asymptotic solution for the stress-strain fields and the continuity field can be found outside the completely damaged zone. As the continuity parameter reaches at infinity the value corresponding to the undamaged materials it is possible to realize the approach described below.
Similarity solution
Dimensional analysis of the system formulated shows that the damage mechanics equations must have similarity solutions of the form [18]  
is the similarity variable. It should be noted that the remote boundary conditions can be formulated in a more general form
, where the stress singularity exponent s is unknown and has to be determined as a part of solution, C is the amplitude of the stress field at infinity defined by the specimen configuration and loading conditions. For the power-law creep constitutive relations, the power-law damage evolution equation and the more general remote boundary conditions the self-similar variable
can be introduced. After introducing the selfsimilar variable the equilibrium equations, the constitutive equations, the compatibility condition retain their forms, whereas the damage evolution equation becomes
(the superscript ˆ is further omitted). By postulating the Airy stress function   , R   expressed in the polar coordinate system, the stress components state are expressed as:
The asymptotic solution outside the completely damaged zone   R   is sought in the form
In view of (11) the asymptotic presentation of the stress tensor components has the form
It can be shown that the asymptotic series expansion of the strain rate tensor components can be written as: According to Eq. 13 the asymptotic strain field as R   takes the form 
(1 )
(1 ) 
where the following notations are adopted 
for plane strain conditions;
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for plane stress conditions respectively. The boundary conditions follow from the traction-free boundary conditions:
Hence the governing equations (1) - (6) are transformed into nonlinear eigenvalue problems of ordinary differential equations (ODE) with respect to the circumferential coordinate around the crack tip. Thus it is necessary to find the nontrivial solutions of (14) and (15) satisfying the boundary conditions (16).
Nonlinear eigenvalue problems. Numerical results. Eigenspectra of nonlinear eigenvalue problems
The method is further developed in the present work to analyze nonlinear eigenvalue problems of ODE for equations (14) and (15) . The stress singularity orders 0  and the associated eigenfunctions   0 f  for plane strain and plane stress conditions are obtained. In general, most of the existing methods have their own merits and are complementary, depending on the nature of the problems to be solved. To solve the two-point boundary value problems an efficient method to deal with eigenvalue problems of ODE is apparently needed. In this paper the eigenvalues of the nonlinear eigenvalue problems are obtained by the technique developed in [24] . The algorithm is intended for mixed mode loading when the eigenvalue is not known and should be determined as a part of the solution. The mail idea is to find eigenvalues different from the classical eigenvalue corresponding to the HRR problem 0 / ( 1) n n    . To find new eigenvalues an additional requirement following from physical or mathematical considerations is need. The new condition of continuity of the radial stress on the line extending the crack is used. The numerical results are given in Tables 1-4 for plane strain conditions and in Tables 5-8 for plane stress conditions respectively. Table 1 . Eigenvalues of the nonlinear eigenvalue problem for 2 n  (plane strain conditions). Table 2 . Eigenvalues of the nonlinear eigenvalue problem for 3 n  (plane strain conditions). Table 4 . Eigenvalues of the nonlinear eigenvalue problem for 5 n  (plane strain conditions). Table 5 . Eigenvalues of the nonlinear eigenvalue problem for 2 n  (plane stress conditions). Table 6 . Eigenvalues of the nonlinear eigenvalue problem for 4 n  (plane stress conditions). Table 7 . Eigenvalues of the nonlinear eigenvalue problem for 6 n  (plane stress conditions). Table 8 . Eigenvalues of the nonlinear eigenvalue problem for 8 n  (plane stress conditions). 
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Conclusion
Asymptotic crack-tip fields in damaged materials are developed for a stationary plane stress and plane strain crack under mixed mode loading conditions in a full range of the mixity parameter varying from the value corresponding to pure Mode I loading to pure Mode II loading. The asymptotic solutions are obtained by the use of the similarity variable and the similarity presentation of the solution. On the basis of the self-similar representation of the solution the near crack-tip stress, creep strain rate and continuity distributions are given. It is shown that meso-mechanical effect of damage accumulation near the crack tip results in new intermediate stress field asymptotic behavior and requires the solution of nonlinear eigenvalue problems. To attain eigensolutions a numerical scheme is worked out and the results obtained provide the additional eigenvalues of the HRR problem. By the use of the method proposed the whole set of eigenvalues for the mode crack in a power law material under mixed mode loading can be determined. The self-similar solutions are based on the idea of the existence of the completely damaged zone near the crack tip. The stress and creep strain rate angular functions are constructed. The higher order terms of the asymptotic expansions of stresses, creep strain rates and continuity parameter allowing to obtain the contours of the completely damaged zone in the vicinity of the crack tip are derived and investigated. The extent of the area in the vicinity of the crack tip where the material undergoes damage for the specimen under tensile loading is studied in [29 33 ]. The results obtained in the present paper are in good agreement with the results of [29] [30] [31] [32] [33] . 
